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Abstract 

In this paper we employ Tutte's theory of bridges to derive a decomposition theorem for binary matroids 
arising from signed graphs. The proposed decomposition differs from previous decomposition results on ma- 
troids that have appeared in the literature in the sense that it is not based on fc-sums, but rather on the operation 
of deletion of a cocircuit. Specifically, it is shown that certain minors resulting from the deletion of a cocircuit 
of a binary matroid will be graphic matroids apart from exactly one that will be signed-graphic, if and only if 
the matroid is signed-graphic. 

1 Introduction 

The theory of bridges was developed by Tutte in [16] in order to answer fundamental questions regarding graphs 
and their matroids, such as when a binary matroid is graphic. Moreover, in his latest book |fl9l he expressed 
the belief that this theory is rich enough to enjoy more theoretical applications. In this work we use the theory 
of bridges to derive a decomposition result for binary signed-graphic matroids. The main result is the following 
theorem which states that deletion of a cocircuit naturally decomposes a binary signed-graphic matroid into 
minors which are all graphic apart from one which is signed-graphic, while these conditions are also sufficient 
for a binary matroid to be signed-graphic. 

Theorem (Decomposition). Let M be a connected binary matroid and Y G C* (M) be a non-graphic cocircuit. 
Then M is signed-graphic if and only if: 

( i) Y is bridge-separable, and 

(ii) the Y -components of M are all graphic apart from one which is signed-graphic. 

This decomposition follows the lines of an analogous result for graphic matroids by Tutte in |[T6l[T8l . however it 
differs in many ways mainly due to the more complex nature of cocircuits in signed-graphic matroids with respect 
to cocircuits in graphic matroids. 

Signed-graphic matroids have attracted the attention of many researchers over the past years (see JS] [TO] 
[TT1 [131 l23l l24l among others), while recently it has also been conjectured that they may be the building blocks 
of a k-sum decomposition of dyadic and near-regular matroids ED . An overview of previous decomposition 
results regarding signed-graphic matroids and signed graphs can be found in [13]. However, the majority of the 
results presented in that work are mainly decomposition results for signed graphs rather than for signed-graphic 
matroids. Specifically, based on previous results of Pagano [8| and Gerards [4|, the authors of |[T3l provide two 
main decomposition theorems for a signed graph X; one theorem concerning the case in which the associated 
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signed-graphic matroid M(S) is binary and one theorem concerning the case in which M (£) is quaternary. The 
notion of fc-sums of signed graphs is introduced by Pagano in [8 1 while Gerards introduces the similar notion of 
fc-splits (fc — 1, 2, 3) in order to provide decomposition results for signed graphs whose complete lift matroids 
are regular (see [24 1 for a definition of the complete lift matroid of a signed graph). In [13|, these notions are 
slightly altered and extended so that the signed-graphic matroid of the fc-sum of two signed graphs Si and £2 
will be equal to the matroidal fc-sum of the associated signed-graphic matroid Af(Ei) and M(Yj2). By using 
these fc-sum operations of signed graphs and the results of [4, 8|, the above mentioned decomposition theorems 
regarding the class of signed graphs with binary or quaternary matroids are proved in |[T3"1 . 

The paper is structured in the following way. Section [2] presents all the necessary theory about graphs and 
matroids. Bonds in signed graphs, which play a central role in this work, are classified in this section and the 
connection with the cocircuits in the corresponding signed-graphic matroid is made. In section l2~3l we restrict 
ourselves to binary signed-graphic matroids and their graphical representations, tangled signed graphs. Section[3] 
is the main section of this paper, where the necessary structural theorems which provide the connection between 
a tangled signed graph and its corresponding matroid are presented. These theorems eventually lead to the 
decomposition Theorem l3.13l at the end of this section. 

2 Preliminaries 

The main references for graphs and signed graphs are J3j[20) and J22, 24 1 respectively, while for matroid theory 
is the book of Oxley [7 1. In this section we will mention some not so basic operations that will be frequently used 
in the paper. 

2.1 Graphs and Signed Graphs 

By a graph G :— (V, E) we mean a finite set of vertices V, and a multiset of edges E. Given two distinct vertices 
v, u 6 V we have four types of edges: e = {u,v} is called a link, e — {v,v} a loop, e — {v} a half edge, 
while e = is a loose edge. Whenever applicable, the vertices that define an edge are called its end-vertices. 
We say that an edge e is incident to a vertex v if v £ e. Observe that the above is the ordinary definition of a 
graph, except that we also allow half edges and loose edges. We will denote the set of vertices and the set of 
edges of a graph G by V(G) and E(G), respectively. The deletion of an edge e from G is the subgraph defined 
as G\e :— (V(G), E(G) — e). Identifying two vertices u and v is the operation where we replace u and v with 
a new vertex v' in both V(G) and E(G). The contraction of a link e — {u, v} is the subgraph denoted by G/e 
which results from G by identifying u, v in G\e. The contraction of a half edge e = {v} or a loop e — {v} 
is the subgraph denoted by G/e which results from the removal of {v} and all half edges and loops incident to 
it, while all other links incident to v become half edges at their other end vertex. Contraction of a loose edge is 
the same as deletion. The deletion of a vertex v of G is defined as the deletion of all edges incident to v and the 
deletion of v from V(G). A graph G' is called a minor of G if it is obtained from a sequence of deletions and 
contractions of edges and deletions of vertices of G. For S C E(G), we say that the subgraph H of G is the 
deletion of G to S, denoted by H = G\.S, if E(H) = S and V(H) is the set of end-vertices of all edges in 
S. Clearly for set S C E(G), G\.S is the graph obtained from G\E(G) — S by deleting the isolated vertices 
(if any). Moreover, for S C E(G), a subgraph K of G is the contraction of G to S, denoted by K = G/.S, if 
K is the graph obtained from Gj (E(G) — S) by deleting the isolated vertices (if any). Any partition {T, U} of 
V(G) for nonempty T and U, defines a cut of G denoted by E(T, U) C E(G) as the set of links incident to a 
vertex in T and a vertex in U. A cut of the form E(v, V(G) — v) is called the star of vertex v. There are several 
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definitions of connectivity in graphs that have appeared in the literature. In this paper we will employ the Tutte 
k-connectivity which we will refer to as fc-connectivity, due to the fact that the connectivity of a graph and its 
corresponding graphic matroid coincide under this definition. For k > 1, a k-separation of a connected graph G 
is a partition {A, B} of the edges such that min{|A|, \B\} > k and \V(G:A) n V{G:B)\ = k, where G:A is the 
subgraph of G induced by A. For k > 2, we say that G is k-connected if G does not have an Z-separation for 
I = 1, . . . , k — 1. A block is defined as a maximally 2-connected subgraph of G. Loops and half-edges are always 
blocks in a graph, since they are 2-connected (actually they are infinitely connected) and they cannot be part of a 
2-connected component because they induce a 1 -separation. Finally we define the operation of reversing, which 
is also known as twisting (see [7]), as follows. Let G\ and Gi be two disjoint graphs with at least two vertices 
(tti, Vi) and (ii2, V2), respectively. Let G be the graph obtained from G\ and G2 by identifying u\ with 112 to a 
vertex u G V(G) and v\ with t>2 to a vertex v € V(G). If we identify, instead, u\ with V2 and v\ with 112 then 
we obtain a graph G' which is called a reversed graph of G about {u, v}. The subgraphs G\ and G2 of G and G' 
are called the reversing parts of the reversing. 

A signed graph is defined as E := (G, cr) where G is a graph called the underlying graph and a is a sign 
function cr : E(G) — > {±1}, where cr(e) = —1 if e is a half edge and cr(e) — +1 if e is a loose edge. Therefore a 
signed graph is a graph where the edges are labelled as positive or negative, while all the half edges are negative 
and all the loose edges are positive. We denote by V(Yj) and E(Y>) the vertex set and edge set of a signed graph 
E, respectively. All operations on signed graphs are defined through a corresponding operation on the underlying 
graph and the sign function. In the following definitions assume that we have a signed graph E = (G, cr). The 
operation of switching at a vertex v results in a new signed graph (G, a) where cr(e) := — er(e) for each link e 
incident to v, while <j(e) :— cr(e) for all other edges. Deletion of an edge e is defined as E\e := (G\e, cr). The 
contraction of an edge e consists of three cases: 

1. if e is a half edge, positive loop or a positive link, then E/e :— (G/e, cr). 

2. if e is a negative loop, then E/e := (G'/e', a) where G' is the graph obtained from G by replacing the 
loop e with a half edge e'. 

3. if e is a negative link, then E/e := (G/e, cr) where a is a switching at either one of the end vertices of e. 

The sign of a cycle is the product of the signs of its edges, so we have a positive cycle if the number of negative 
edges in the cycle is even, otherwise the cycle is a negative cycle. Both negative loops and half-edges are negative 
cycles. A signed graph is called balanced if it contains no negative cycles. A vertex v £ V(T,) is called a 
balancing vertex if Y\v is balanced. 

2.2 Signed- Graphic Matroids 

We assume that the reader is familiar with matroid theory as in J7), and in particular with the circuit axiomatic 
definition of a matroid and the notions of duality, connectivity, representability and minors. Given a matrix A and 
a graph G, M [A] and M (G) denote the vector and graphic matroids respectively. For a matroid M we denote 
by E(M) be the ground set, C(M) the family of circuits while M* is the dual matroid of M. The prefix 'co-' 
dualizes the term mentioned and the asterisk dualizes the symbol used. 

The following definition for the matroid of a signed graph or signed- graphic matroid is used in this work. 

Theorem 2.1 (Zaslavsky 1221 ). Given a signed graph E let C C be the family of edge sets inducing a 

subgraph in E which is either: 

( i) a positive cycle, or 
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( ii) two vertex-disjoint negative cycles connected by a path which has no common vertex with the cycles apart 
from its end-vertices, or 

( Hi) two negative cycles which have exactly one common vertex. 

Then M (£) = (C, E(T,)) is a matroid on £?(£) with circuit family C. 

The subgraphs of £ induced by the edges corresponding to a circuit of M(£) are called the circuits of £. The 
circuits of £ described by (ii) and (iii) of Theorem l2.1l are also called handcuffs of Type I and Type II, respectively 
(see Figure[T|). With the following theorem we characterize the sets of edges in a signed graph £ which correspond 




(a) positive cycle (b) Type I handcuff (c) Type II handcuff 



Figure 1 : Circuits in a signed graph £ 

to circuits of M*(£). 

Theorem 2.2 (Zaslavsky 0221 '). Given a signed graph £ and its corresponding matroid M(£), Y C £?(£) is a 
cocircuit o/M(£) if and only ifY is a minimal set of edges whose deletion increases the number of balanced 
components o/£. 

The sets of edges defined in Theorem 12.21 are called bonds of a signed graph. In analogy with the different 
types of circuits a signed-graphic matroid has, bonds can also be classified into different types according to the 
signed graph obtained upon their deletion. Specifically for a given connected and unbalanced signed graph £, the 
deletion of a bond Y results to a signed graph £\Y with exactly one balanced component due to the minimality 
of Y. Thus, £\y may be a balanced connected graph in which case we call Y a balancing bond or it may consist 
of one balanced component and some unbalanced components. In the latter case, if the balanced component is a 
vertex, i.e. the balanced component is empty of edges, then we say that Y is a star bond, while in the case that the 
balanced component is not empty of edges Y can be either an unbalanced bond or a double bond. Specifically, 
if the balanced component is not empty of edges and there is no edge in Y such that both of its end-vertices are 
vertices of the balanced component, then Y is an unbalanced bond. On the other hand, if there exists at least one 
edge of Y whose both end-vertices are vertices of the balanced component then Y is a double bond. A further 
classification of bonds is based on whether the matroid M(£)\Y is connected or not for some Y € C(M*(£)). 
In the case that M(S)\Y is disconnected we call Y as separating bond of £, otherwise we say that Y is a 
nonseparating bond. 

In Il22ll24ll the edge sets of a signed graph which correspond to elementary separators in the associated signed- 
graphic matroid are determined. Before we present this result in Theorem l2.3l we have to provide some necessary 
definitions. An inner block of £ is a block that is unbalanced or lies on the path between two unbalanced blocks. 
Any other block is called outer. The core of £ is the union of all inner blocks. A B-necklace is a special type 
of 2-connected unbalanced signed graph, which is composed of maximally 2-connected balanced subgraphs £, 
joined in a cyclic fashion as illustrated in Figure |2] Note that in Figure |2] as well as other figures that follow, 
a circle depicts a connected graph while two homocentric circles depict a block, where in each case a positive 
(negative) sign is used to indicate whether the connected or 2-connected component is balanced (unbalanced). 
Observe that any negative cycle in a B-necklace has to contain at least one edge from each £j. 
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Figure 2: A B-necklace 

Theorem 2.3 (Zaslavsky [24]). Let £ be a connected signed graph. The elementary separators of M(£) are f/ie 
edge sets of each outer block and the core, except that when the core is a B-necklace each block in the B-necklace 
is also an elementary separator. 

Let B be an elementary separator of M(£). The subgraph Y\.B of £ is called a separate of £. 

Given a matroid M and some set A C E(M) the deletion and contraction of X from A/ will be denoted 
by M\A and M /X respectively. If TV is a minor of M, that is iV = M\X/Y for disjoint A", F C E(M), we 
will write M >z N. For a matter of convenience in the analysis that will follow we also employ the complement 
notions of deletion and contraction, that is the deletion to a set A C E(M) is defined as 

M\.X := M\(E(M) - A), 

while the contraction to a set A C E(M) is defined as 

M/.X := M/(E(M) - A). 

There is an equivalence of the aforementioned matroid operations with respect to the associated signed-graphic 
operations of deletion and contraction defined in Section |2~T1 as indicated by Theorem l2.4l 

Theorem 2.4 (Zaslavsky (22J). Let £ be a signed graph and S C £(£). Then M(E\5) = M(E)\5 ant/ 
Af(E/5) = M(E)/5. 

The following two propositions provide necessary conditions under which certain operations on a signed 
graph do not alter its matroid, and under which a signed-graphic matroid is graphic. Proofs can be found in, or 
easily derived from the results in |fT~3l l22l l24l . 

Proposition 2.1. Let E be a signed graph. If £': 

( i) is obtained from E by replacing any number of negative loops by half-edges and vice versa, or 

( ii) is obtained from E by switchings, or 

(Hi) is the reversed graph o/E about (u, v) with Ei, E2 the reversing parts o/E, where Ei (or £2) is balanced 
or all of its negative cycles contain u and v, 

then M (E) = M (£'). 

Proposition 2.2. Let E be a signed graph. IfH: 
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(i) consists of only positive edges, or 

( ii) is balanced, or 

(Hi) has no negative cycles other than negative loops and half-edges, or 
(iv) has a balancing vertex, 
then M(£) is graphic. 

In the first two cases of Proposition 12.21 we also have M(£) = M(G). For the third case, there exists a graph 
G obtained from G by adding a new vertex v and replacing any negative loop or half-edge by a link joining its 
end-vertex with v such that M(£) = M(G'). Also a straightforward result which is a direct consequence of 
Proposition |Z2] is that if £ is a B-necklace then M(£) is graphic. The deletion of any vertex which is common 
to two balanced blocks in a B-necklace, results in the elimination of all negative cycles, thereby all such vertices 
are balancing vertices. 

2.3 Tangled Signed Graphs 

A connected signed graph is called tangled if it has no balancing vertex and no two vertex disjoint negative cycles. 
For our purposes, the importance of tangled signed graphs stems mainly from Theorem |2.8| according to which if 
a binary matroid is signed-graphic but not graphic then it has a tangled graphical representation. In this section 
we will provide some preliminary results regarding tangled signed graphs and their matroids. 

Theorem 2.5 (Slilaty [El). If '£ is a tangled signed graph then: 

( i) it contains exactly one unbalanced block, and 

( ii) it does not have a double bond. 

Therefore, if Y is a bond of a tangled signed graph £ then Y is either a star-bond, a balancing bond or an 
unbalancing bond. Clearly if Y is a balancing bond then, provided that £ is connected, the graph £\Y consists 
of one component. The next theorem whose proof is omitted shows that if Y is not a balancing bond then £\Y 
consists of exactly two components. 

Theorem 2.6. If £ is a tangled signed graph and Y is a star bond or an unbalancing bond, then £\Y consists 
of exactly two components and has exactly one unbalancing block. 

We work mainly with connected matroids, therefore it would be desirable to have a connection between the 
connectivity of a signed-graphic matroid M(£) and the connectivity of £. 

Theorem 2.7. Let £ be a tangled signed graph. Then £ is 2-connected if and only if Af(£) is connected. 

Proof: For the "only if" part, assume that for a 2-connected tangled signed graph £ the matroid M(£) is discon- 
nected. By Theorem |53] this is possible only if £ is a B-necklace. But then £ contains a balancing vertex and 
thus, £ is not tangled which is in contradiction with our assumption. 

For the "if" part suppose that M(£) is 2-connected and it does have a tangled representation £ which is not 
2-connected. Therefore £ contains at least two blocks, and by Theorem l2.5l exactlv one is unbalancing. By The- 
orem l2.3l £ has two separates, which implies that M(£) has more than one elementary separators contradicting 
our hypothesis about the connectivity of the matroid. □ 

The following theorem can be deduced from [8] [T3] , 
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Theorem 2.8. IfYiisa connected signed graph then M(E) is binary if and only if 

( i) E is tangled, or 

(ii) M(E) is graphic. 

3 Decomposition 

In this section we will present a decomposition for binary signed-graphic matroids which utilizes the theory of 
bridges by Tutte lfl6l[T8l . In section [3~Tl we present some definitions and preliminary results regarding the theory 
of bridges, which will be needed for the sections that follow. In section 13.21 the cocircuits of binary signed- 
graphic matroids are further classified into graphic and non-graphic, depending on whether or not their deletion 
produces a graphic matroid or not. An excluded minor characterization for signed-graphic matroids with all 
graphic cocircuits is given in section [3~.2.U while the decomposition based on non-graphic cocircuits is presented 
in section [3~.2.2| The majority of the results in this section have to do with the structure of tangled signed graphs, 
and the relationship between cocircuits in a binary signed-graphic matroid and bonds in the corresponding signed 
graphic representation . 

3.1 Bridges 

Let Y be a cocircuit of a binary matroid M. We define the bridges of Y in M to be the elementary separators 
of M\Y. If M\Y has more than one bridge then we say that Y is a separating cocircuit; otherwise it is non- 
separating. Let B be a bridge of Y in M; the matroid M/.(B U Y) is called a Y -component of M. By a result of 
lfl6l we know that if M is connected then each F-component of M is connected. Furthermore, for any bridge B 
of Y in M, we denote by tt(M, B, Y) the family of all minimal non-null subsets of Y which are intersections of 
cocircuits of M/.(B U Y). The following theorem and its corollary relate tt(M, B, Y) for binary matroids with 
the family of cocircuits of a given minor. 

Theorem 3.1. Let Y be a cocircuit of a matroid M. Two elements a and bofY belong to the same members of 
ir(M, B, Y) if and only if they belong to the same cocircuits of M / .{B U Y)\.Y. 

Proof: For the "only if" part, suppose that a, b 6 W G 7r(M, B, Y). Then for any cocircuit X of M/.(B U Y) 
either X C\W = $ or: W Q X, since otherwise W will not be minimal. This implies that a and b belong to 
exactly the same cocircuits of M/.(B U Y). Thus, by the definition of the matroid operations of contraction and 
deletion we have that a and b belong to the same cocircuits of M/.(B U Y)\.Y. 

For the "if" part, since a and b belong to the same cocircuits of M / .(B U Y)\.Y then by the definition of 
matroid contraction and deletion we obtain that there is no cocircuit Z of M/.(B U Y) such that Zn{a, b} = {a} 
or Z fl {a, b} = {b}. Therefore, by the definition of the members of tt(M, B, Y), the result follows. □ 

In |[T8 I. Tutte proved that if M is binary the members of ir(M, B, Y) are disjoint and their union is Y. We 
usually refer to tt(M, B, Y) as the partition of Y determined by B. By this result, Theorem l3.1l has the following 
useful Corollary [321 

Corollary 3.2. Let Y be a cocircuit of a matroid M. If M is binary then tt(M, B,Y) — C*(M/.(B U Y)\.Y). 

Let B\ and £>2 be two bridges of Y in M. The bridges B\ and B2 are said to avoid each other if there exists 
S E 7r(M, Bi,Y) and T € ir(M, B 2 ,Y) such that S U T = Y; otherwise we say that B\ and B 2 overlap one 
another. A cocircuit Y is called bridge-separable if its bridges can be classified into two classes U and V such 
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that no two members of the same class overlap. Tutte in [18] has shown that all cocircuits of graphic matroids 
are bridge-separable while if a matroid has a cocircuit which is not bridge-separable, then it will contain a minor 
isomorphic to M*{K§), M*(K%^) or F 7 *. Recall that by definition there is one-to-one correspondence between 
the family of edge-sets of the separates of E\Y and the family of bridges of Y in M(£). Suppose now that B 
is a bridge of Y in M(£) and let be the component of E\F such that Y,\.B C Sj. Then, if v is a vertex of 
V(Y>\.B), we denote by C(B, v) the component of Ei\£> having v as a vertex. Moreover, we denote by Y(B, v) 
the set of all y e Y such that one end of y in E is a vertex of C(B, v). Two well known results which are a 
consequence of the theory of bridges, is Tutte's recognition algorithm for graphic matroids in [ 17 1 and Bixby and 
Cunningham's efficient algorithm for testing whether a matroid is 3-connected or not in J2). 

3.2 Cocircuits and Bonds 

Let Y be a cocircuit of a connected binary signed-graphic matroid M (£). Clearly, Y is a bond of E and by 
Theorems 12 . 7 1 and 12 . 8 1 we have that E is 2-connected and tangled. By the classification of bonds based on the 
nature of E\Y presented in section |231 we know that Y can be one of the following types of bonds in E (see 
Figure [3}: 

(a) balancing bond 

(b) star or unbalancing bond such that the core of E\Y is a B-necklace 

(c) star bond such that the core of E\Y is not a B-necklace 

(d) unbalancing bond such that the core of E\F is not a B-necklace 




(a) balancing bond (b) bond with a B-necklace (c) star bond (d) unbalancing bond 



Figure 3: Bonds in Tangled Signed Graphs 

Any bridge B of Y in M(E) will correspond to a 2-connected subgraph E\.B in E, which will be a block of 
E\Y. Moreover £\Y will contain at most one unbalanced block. Note that the only case in which a block of 
£\Y does not correspond to a separator of M(E)\Y, is when the block is unbalanced and a B-necklace (i.e. 
see (b) in Figure [3J. In this case the blocks within the B-necklace in the signed graph are the separators in the 
matroid. 

We observe that if Y is either of type (a) or (b), then M(E)\Y is graphic since all of its separators have a 
balanced signed-graphic representation. Let us call graphic any cocircuit Y of a binary matroid M such that 
M\Y is a graphic matroid. Therefore if M is signed-graphic and Y is a non-graphic cocircuit, we know that Y 
will be a bond of type (c) or (d) only, in any signed graph E such that M = M(E). As it turns out non-graphic 
cocircuits have similar structural characteristics to cocircuits of graphic matroids, and as it will be demonstrated 
in section [J.2.2l thev provide a means of decomposing binary signed-graphic matroids. 
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3.2.1 Graphic Cocircuits 

We know that all graphic matroids are signed-graphic. Two important theorems which associate signed-graphic 
matroids with cographic matroids and regular matroids in terms of excluded minors have been shown by Slilaty 
in iflOl . Specifically, of the 35 forbidden minors for projective planar graphs 29 are non-separable. These 29 
graphs, which we call G\, G 2 , ■ ■ ■ , G29, can be found in |Q]|6). The family of the cographic matroids of these 29 
non-separable graphs M = {M{G\),M (G2), . . . , M(G 2 g)} forms the complete list of the cographic excluded 
minors for signed-graphic matroids. 

Theorem 3.3 (Slilaty M10II ). A cographic matroid M is signed-graphic if and only if M has no minor isomorphic 
toM*{G l ),...,M*{G 2Q ). 

Clearly, since cographic matroids are regular matroids we expect the list of regular excluded minors for 
signed-graphic matroids to contain the matroids in M. and some other matroids. It is shown in 1 14 1 that those 
other matroids are the i?i5 and R\q matroids whose binary compact representation matrices are the following 



Ar 15 = 



1 1 1 

1 1 1 
110 110 

1 1 1 1 



111 
1111 
1111 



10 
1 
1 1 



,Afii 6 = 



110 10 

1 1 1 

110 1110 

1 1 1 
11011100 

1 1 1 
1 1 1 
1 1 1 



Moreover, the binary excluded minors for signed-graphic matroids can be easily obtained by adding to the list of 
the 3 1 regular excluded minors of signed-graphic matroids the binary excluded minors for regular matroids (i.e. 
F-j and Fj ), since any binary signed-graphic matroid is also regular. 

Theorem 3.4. A binary matroid M is signed-graphic if and only if M has no minor isomorphic to 
M*(Gx), . . .,M*(G 29 ),R 15 , R w , F 7 orF 7 *. 

The following two lemmas are essential for the proof of the main result of this section which characterizes 
the binary matroids with graphic cocircuits. 



Lemma 3.5. If a matroid M is isomorphic to M*(Gn) or M*(Gig) then for any cocircuit Y G C{M* 
matroid M\Y is graphic. 



the 



Proof: Since M\Y = (M*/Y)* we can equivalently show that for any circuit Y of M* , the matroid M*/Y is 
graphic. The matroid M* is cographic and thus regular. By a result of Tutte in [ 16 1, a regular matroid is cographic 
if and only if it has no minor isomorphic to M(K$) or M(K$ z). Therefore, it is enough to show that for any 
circuit Y of M{Gn) (M(Gi 9 )) the matroid M{G\ 7 )/Y (M(G W )/Y) has no minor isomorphic to M(K 5 ) or 
M(K 3>3 ). Observe that G\j is isomorphic to the graph Ks^ and G19 is isomorphic to K^^\e where e is any 
element of K\^. Since M(Gig) is a graphic matroid we have that A/(Gig) = M{Ki^\e) = M{K^i)\e; this 
implies that M{K^,^) has a minor isomorphic to M(Gig). Thus, it suffices to prove that for any circuit Y\ (Y2) 
of M(K 3 , 5 ) (M(K 4 ,a)) the matroid M(K 3 ,5)/Yx = M(K 3:5 /Yi) (M(K iA )/Y 2 = M(K 4A /Y 2 )) has no minor 
isomorphic to M(K 5 ) or M (#3,3). 

We turn our attention to the graphs K 3> 5 and K^, We have that Yi(Y 2 ) is a cycle of Gi7(Gi 9 ). By the 
graphical representation of 5 and i^4_4 we can easily observe that K 3i 5 and K^^ have no cycle of cardinality 
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less than four, since they are both 3-connected bipartite graphs. This means that Ks^/Yi and K4.4/Y2 have at 
most five vertices each, which implies that M (K^^/Yi) and MiK^^jY^) have rank at most 4 which is less than 
the rank of M (-^3,3). Therefore, M (i^g/Yi) and M^K^/Yi) can not have a minor isomorphic to M(K^^). 

We now show that M(K3 s/Yx) and MiK^^jY-i) can not have a minor isomorphic to M{K§). Let us sup- 
pose that Y\ and Y2 are circuits of cardinality four; thus Y\ and Y2 are cycles of cardinality four in ^3.5 and K^^ 
respectively. Observe now that Kz^/Yi and K^jYi are isomorphic to the graphs G and G respectively (see 
Figure^), since K$ .5 and ^4.4 are complete bipartite graphs. Furthermore, parallel edges of a graph correspond to 
parallel elements in the associated graphic matroid. Therefore, any simple minor of M(G) or M(G) has at most 
seven or eight elements respectively. The matroid M(K$) is simple and has ten elements. Therefore M(ifg) can 
not be a minor of M(G) = M{K$^/Yi) or M(G) = M{Ki^/Y 2 ). Assume now that Yi and Y 2 have more than 
four elements. Then as it was proved in the previous paragraph that M{K^/Y{) and M (K4.4/Y2) can not have 
a minor isomorphic to M (-^3,3), we can easily show that these matroids have no minor isomorphic to M{K§). 

□ 




G G 



Figure 4: The graphs G and G. 

Lemma 3.6. If N is a minor of the matroid M then for any cocircuit Cm G C(N*) there exists a cocircuit 
Cm € C(M*) such that N\Cn is a minor of M\C m- 

Proof: If N = M\X/Y then by duality N* — M/X\Y. Therefore by the definitions of contraction and deletion 
of a set, we have that for any cocircuit Cn G C(N*) there exists a cocircuit Cm £ C(M*) such that 

(i) C N C C M , 

(ii) E(N) n Cm = C N , 

which in turn imply that Cm — Cn QX. So we have 

M\C M = M\{C M - C N }\C N h N\C N 

□ 

We are now ready to prove the main result of this section. 

Theorem 3.7. Let M be a binary matroid such that all its cocircuits are graphic. Then, M is signed- graphic if 
and only if M has no minor isomorphic to M* (G17), M* (G19), F-j or Ff. 

Proof: The "only if" part is clear because of Theorem [33] For the "if" part, by way of contradiction, assume 
that M is not signed-graphic. By Theorem l3.3l and the straightforward fact that all cocircuits of F-j and Fj are 
graphic, M must contain a minor TV which is isomorphic to some matroid in the set 

M = {M*(Gi), . . . , M*(G 16 ), Af*(G 18 ), Af* (G 20 ), . . . , M*(G 29 ), R* 15 , R* 16 }. 
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By case analysis, verified also by the MACEK software J5], it can be shown that for each matroid M' e Ai there 
exists a cocircuit Y' e C(M'*) such that the matroid M'\Y' does contain an M*(if 3)3 ) or an M*(K 5 ) as a 
minor. Therefore there exists a cocircuit Y/v £ C(N*) such that N\Yn is not graphic. Therefore, by Lemma [3~6l 
there is a cocircuit Ym S C(M*) such that N\Yn is a minor of M\Yj^. Thus, M\Ym is not graphic which is in 
contradiction with our assumption that M has graphic cocircuits. □ 

3.2.2 Non-Graphic Cocircuits 

The following technical lemma is necessary for the proof of Theorem |3.9l 

Lemma 3.8. Let Y be an unbalancing bond or a star bond of a tangled signed graph E such that the core of 
E\Y is not a B-necklace and let T\.B be an unbalanced separate o/E\Y. Then: 

(i) M(E) is graphic, or 

(ii) there exists a series of switchings on the vertices ofTi such that all the edges of the separates other than 
T\.B become positive and for any m £ V(E\.B) such that Y(B, Uj) / 0, the edges ofY(B, Vi) have the 
same sign. 

Proof: Let V B ■= £ V(E\.B) : Y(B,Vi) ^ 0}. By Theorem |Z6l we have that E\Y consists of two 
components Ei and E2 and that there is exactly one unbalanced block in E\Y, which without loss of generality 
we assume to be contained in Ei. Since this unbalanced block is not a B-necklace, its edge-set is a bridge B of 
Y in M(E) and therefore, T\.B is a separate of E\Y. By Proposition ^. 21 there exists a series of switchings on 
the vertices of the balanced subgraphs C(B, vi), for all v t e V(T\.B), and at the vertices of E 2 such that all the 
edges in Ei\_B and E2 become positive. We call E', E' x and E 2 the signed graphs so-obtained from E, Ei and 
E2, respectively, by applying these switchings. 

For each Vi € V(T,'\.B) let Y + (B,Vi) and Y~(B,Vi) be the positive and negative edges of Y(B,Vi), 
respectively, and 

V B :={vi€VB : Y+iB^^Y-iB^) ^ 0}. 

Suppose that \Vb\ > 2, and let Vb = {vi, ■ ■ ■ ,Vk} for positive integer k > 2. In E'/.(B U Y), since 
5}'i\B and E 2 consists of only positive edges, every component C(B, u,) of E[\B will contract to Uj and E 2 will 
contract to a single vertex u. For example, Figure |5] depicts the graph E'/.(5 U Y) obtained from E' where the 
dashed lines indicate the edges of Y. Therefore, in (E'/.(£? U Y))\.Y, each Y(B, Vi) with Vi £ V B will become 
a class of parallel edges and all the edges in Y will have u as an end-vertex (see Figure[5]l. Thus, the following 
set C is a set of bonds of (E' '/ ' .(B U Y))\.Y: 

C = {{Y-{B, v x ), ...,Y~(B, v k )}, {Y+(S, Vl ), ...,Y+(B, v k )}, {Y(B, Vl )}, {Y(B, v k )}}. 

Therefore, by Theorems 12.21 and 12.41 and Proposition 12. 11 £ is a set of cocircuits of Af((E'/.(£? U Y))\.Y) = 
(M(E')/.(B U Y))\.Y = (M(E)/.(S U Y))\.Y. Since M(E) is binary, then by Corollary|3^1 

C*(M(E)/.(5U Y)\.Y) = tt(M(E),S,Y). 

But we know by (7.3) in [ 16], that the members of ir(M (E), B, Y) should be disjoint which is a contradiction. 
Therefore, \V B \ < 2. 

Suppose now that Vb = {v}. If we assume that there exist yi € Y~ (B, v) and y 2 6 Y + (B, v) such that both 
yi and y 2 do not have v as an end-vertex then the negative cycle N formed by these two edges and the positive 
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Figure 5: 

paths between their end-vertices in C(B, v) and T,' 2 , respectively, is vertex disjoint with some negative cycle in 
the unbalanced separate H'\.B. Since £' is tangled, this can not happen and, therefore, all edges of Y~(B, v) or 
all edges of Y + (B, v) have v as an end-vertex in Furthermore, since N has no vertex in £\.£? other than v 
we have that any negative cycle in £\.£> must be incident to v; otherwise two vertex disjoint negative cycles are 
contained in 

Assume that C is a negative cycle in S' not adjacent to v. Since C is not contained in S\._B it contains edges 
from Y and, furthermore, since Y is an unbalancing bond the number of these edges has to be an even number. 
Say that these edges are those contained in Yc — {yi, y%, ■ . ■ , y2n}- Arrange the edges in Yc, each of which has 
one end-vertex in an d one m ^2> as shown in Figure [6] where the dashed lines are the n paths between the 
end-vertices of the edges of Yc m £'i an d ^'2- Since C is negative there exist vertices Wi and Wi+i of C in £3 such 
that the path (wi, yi, Ui, . . . , Ui+i, yt+i, ^j+i) is negative. Assume that y^, £ Y(B, vi) for some vi £ Vb- 
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Figure 6: An arrangement of the edges of Yc. 

Then vi ^ u, since C is not incident to v. If U; € Vs — {v}, then the path between Ui and in C(B,vi) 
is positive or empty, which implies that j/j and y^+i are of different sign. This in turn implies that |Vb| > 1. 
Therefore, there exist vertices V\ and v 2 in Vb such that vi v 2 ^ v and y,; G Y(B, vi) and y.; + i G Y(B, v 2 ) 
Contract the edges of C(B, Vx) and C(B, v 2 ) and switch at v\ or v 2 if and yi+\ have different signs, such that 
the path from v\ to v 2 of C contained in E\._B is positive and yi and j/j+i have different sign. Moreover since 
this path, which we shall call v\ — v 2 path, is positive we can perform switching at its vertices other than v\ and 
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V2 to make all of its edges positive. Contract now the positive edges of the Vi — t>2 path into a new vertex w and 
call S" the graph so-obtained. 

The effect of contracting the v\ — v-i path in Yl\.B can be seen inductively if we consider the contraction of a 
single edge e from the path. Consider the graph (T,'\.B)/e, where e = (wi,^) is some positive edge from the 
^1 — V2 path and C any negative cycle of £\.£>, which we know that it is incident to v. If e € C , then E{C) — e 
is the edge set of a negative cycle in (Y,'\.B) /e, which is incident to v. If e ^ C", then either C" is still a negative 
cycle in (£'\.£?)/e or C" is not a cycle any more in the graph because it is not minimal. This is because the 
contraction of e creates two cycles C[ and C' 2 in (£'\.£?)/e which are contained in C. Of the two only one is 
negative, and it has to be adjacent to v, since otherwise we have a negative cycle in not adjacent to v. Since 

wi,W2 v, the contraction of e into a vertex w in the 2-connected component S'\._B will create a 2-connected 
unbalancing component containing w and v and all the negative cycles of (Y,'\.B) / e, and (possibly) 2-connected 
balanced components adjacent to w (see Figure|7]i. The 2-connected unbalanced component in /e is not a 

B-necklace since E'\.B is not a B-necklace, i.e. the expansion of a vertex in a B-necklace results in a B-necklace. 




Figure 7: Contraction of a positive edge in an unbalanced block. 



Therefore, Y is an unbalancing bond in a tangled signed graph S" such that the core of £"\Y is not a 
B-necklace. Y,"\Y has an unbalanced block B' which contains vertices v and w, where 

Y+(B',v) / / Y~(B',v) and 

Y(B',w) = Y(B, Vl )UY{B,v 2 ), 

while ?/j and are of different sign and j/j, G Y(-B', if). But in this case M(S") is not binary, as shown 
above, which contradicts the fact that S" is tangled. Therefore, our original hypothesis that there exists negative 
cycle C in £' not adjacent to v is false, which implies that v is a balancing vertex in £' and M(E') = M(E) is 
graphic. □ 

The theorem that follows provides the graphical characterization of 7r(M(E), B, Y) for a given cocircuit of a 
signed-graphic matroid. 

Theorem 3.9. Let Af (£) foe a binary signed-graphic matroid and Y be a star bond or an unbalancing bond 
ofTi such that the core ofY\Y is not a B-necklace. If Y\.B is a separate of an end-graph ofY\Y then 
7r(M(E),B,r) is the class of all Y(B,v) such that v e V(£\.B) andY(B,v) ^ 0. 

Proof: Let C = {Y(B, v) : v E V(E\.B) and Y(B, v) ^ 0} . By Corollary[l2l we know that: 

tt(M(£), B, Y) = C*((M(E)/.(B U Y))\.Y) 
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and thus, by Theorem |2.4| we have that: 



tt(M (£), B, Y) = C*(M{{E/.(B U Y))\.Yj). 



Let M. be the family of bonds of £{, = (£/.(!? U Y))\.Y. Since there is one to one correspondence between the 
members of C* (M ((£ / .(B U Y))\.Y) and the bonds of £;,, we shall equivalently show that, for any bridge B of 
Y in M(£), £ = .M. Moreover, we shall show this only for the case in which Y is an unbalancing bond since 
the proof for the case in which Y is a star bond follows easily. 

By Theorem 12. 61 the signed graph £\Y will consist of two components £1 and £2 and contain exactly one 
unbalanced block. Without loss of generality, we assume that this unbalanced block is contained in Si. By 
Proposition 12.21 since C(B,v) is balanced for any v G V(£\~B) and S2 is balanced, there exists a series of 
switchings on the vertices of £i\i?i and S2 such that all the edges in £i\-Bi and S2 become positive. We call 
S', S^, S 2 and S' b the graphs so-obtained from S, Si, S2 and Sf,, respectively, by applying these switchings. 
Figure[8]depicts an example signed graph S', where the dashed edges are the edges of the unbalancing bond Y, 



Figure 8: An example tangled S' where the dashed lines represent the edges of an unbalancing bond. 

We classify the bridges of Y in M(S') = M(S) in three categories based on the form of the corresponding 
separates in £'\Y. Specifically, a bridge B of Y in M(£) falls in: 

• Category 1, if the separate E'\~B of E'\Y is a balanced block in S^, 

• Category 2, if the separate E'\.2? of £'\Y is a balanced block in S 2 , 

• Category 3, if the separate E'\.£? of E'\Y is the unbalanced block in E^ 

In what follows we shall show that C = M. for any bridge B of each category. We have the following three cases. 
Case 1: B is a bridge of Y in M(E) which belongs to Category 1. Initially, we shall describe the effect of the 
series of contractions and deletions in E' resulting in E b . Let X be the set of common vertices of H'\.B and 
£'i\.B. Clearly, there exists an Xj £ X such that C(B,Xj) contains the unbalanced block of E^. The signed 
graph E' = £'^(£2) is the graph obtained from £' by contracting E 2 into a single vertex u and replacing 
the end-vertex of each edge Y in E' 2 by u. Furthermore, the signed graph E" = E'/C(B, Xj), which contains 
E 6 as a minor, is obtained from £' by deleting C(B, Xj) and replacing every edge in Y(B, Xj) by a half-edge 
incident to u. In E" we contract all C(B,Xi) with i j and call EJ, the signed graph so-obtained. Then 
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£' c = S'/.(-B U Y) and every edge of Y(B, Xi) with i ^ j has one end-vertex being u and the other being Xi in 
SJ,. Thus, for any v € V(E'\..B) — {a^j} such that Y(B, v) ^ 0, 1^(2?, v) is a set of parallel edges incident to u 
and v in = while all the edges in Y(B, xj) are half-edges incident with u in EJ, (see (a) in Figure [5). 

Furthermore, for any t> g V(Tj'\.B) — {xj} such that Y(B, v) ^ 0, the edges of Y(B, v) must be of the same 
sign, since otherwise £' would have two vertex disjoint negative cycles contradicting the fact that £' is tangled. 
Thus, any Y(B, v) ^ is a bond of T,' b . This result and the fact that the signed graphs £& and Tj' b have equal 
classes of bonds imply that C is contained in A4. Finally, if H' b had a bond which was not equal to some Y (B, v) 
then it would have two bonds with a common element and thus, by Corollary [372] M(S') would not be regular. 
By Theorem l2.8l this contradicts the fact that £' is tangled and thus, C = M. 

Case 2: B is a bridge of Y in M(E) which belongs to Category 2. Since £ 2 consists of positive edges and E' x 
contains a negative cycle, for any v £ V(E'\.B) such that Y(B,v) ^ 0, Y(B,v) will be a set of half-edges 
incident with v in £'/.(£> U y). Thus, the edges of each Y(B, v) will form a bond of Y,' b (see (b) in Figure|9]) 
which implies that C is contained in Ai. Furthermore, H b has no other bonds, since otherwise it should have 
two bonds having at least one common edge. This would imply that M (Y>' b ) would have two cocircuits which 
have a common element and thus, by Corollary 13.21 Af(E') would not be regular. By Theorem l2.81 this is in 
contradiction with the fact that £' is tangled and thus, C = A4. 

Case 3: B is a bridge of Y in M(E) which belongs to Category 3. Since both Yl 2 and T^[\B consist of positive 



S'/.(B 2 U Y)\.Y 
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E'/.(B 5 U Y)\.Y 



s'/-(Bl u Y)\.Y 



(a) Case 1 



(b) Case 2 

Figure 9: Three different cases 



(c) Case 3 



edges, the graph £' / .(BUY) is obtained from £' by contracting £2 to a vertex u and by contracting each C(B, v) 
(where v G V(T^'\.B)) to v. Therefore, the edges of each Y(B, v) become incident with u and v which implies 
that the edges of each Y(B,v) are parallel edges in Y,' b (see (c) in Figure[9]). Furthermore, by Lemma [3~8l and 
since M(£) is not graphic, each Y(B, v) in £& consists of edges of the same sign. Thus, each Y(B, v) is a bond 
of Y.' b which implies that C is contained in M.. Finally, Tl b has no other bonds, since otherwise it should have two 
bonds having at least one common edge. This implies that M(E') would have two cocircuits having a common 
element and thus, by Corollarv l3.21 M(S') would not be regular. By Theorem l2.8l this contradicts the fact that 
£' is tangled and thus, C = M. □ 

It turns out that star bonds or unbalancing bonds whose deletion does not result in the formation of a B- 
necklace, are always bridge-separable in the corresponding signed-graphic matroid. 

Theorem 3.10. Let Y be a cocircuit of a binary signed-graphic and non graphic matroid M(T,). IfY is a star 
bond or an unbalancing bond of £ such that the core of H\Y is not a B-necklace then Y is a bridge-separable 
cocircuit of M(T,). 
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Proof: Let Y be a star bond or an unbalancing bond of £ such that the core of £\Y is not a B-necklace. By 
Theorem 12.61 £\Y consists of two components which we call Ei and £2. We arrange the bridges of Y in 
Af(£) in two classes T and U such that a bridge Bi is in T(C/) if Y\.Bi is a separate of £i(£2). Suppose 
now that two bridges B\ and B2 of T overlap. Then £\.i?i and E\.i?2 are separates of £1. Thus there exist 
vertices V\ of E\.£?i and v 2 of £\.i?2 such that £\.i?2 is a subgraph of C(£?i,t>i) and £\.i?i is a subgraph 
of C(B2,V2). Furthermore, every vertex of Y(£i) is a vertex of C(Bi,vi) or 0(82^2), therefore we have 
that Y{B 1 ,v 1 ) U Y(B 2 ,v 2 ) = Y. Thus, by Theorem El we can find some K G 7r(M(£), Y) and J G 
7r(M(E), i?2, Y) such that if U J = Y . This is in contradiction with our assumption that B\ and B 2 overlap 
and the result follows. □ 

As the next result demonstrates, balanced bridges of non-graphic cocircuits result in Y-components which 
are graphic matroids. 

Lemma 3.11. Let M(E) be a binary signed- graphic matroid, Y a non-graphic cocircuit and B a bridge ofY in 
M(E). IfY\.B is balanced then M(£)/.(Y U B) is graphic. 

Proof: Since Y is a non-graphic cocircuit, M(E) is not graphic and by Theorem l2.8I E is a tangled signed graph. 
Moreover, Y will be either a star or unbalancing bond in E such that the core of £\Y is not a B-necklace. It 
suffices to examine the case where Y is an unbalancing bond. 

Let B + be any bridge of Y such that E\.£> + is balanced, while B~ be the bridge corresponding to the unique 
unbalanced block of E\Y. Perform switchings in the vertices of E such that all the edges in the balanced blocks 
of E\ Y become positive. If B + is in the balanced component of E\ Y, contract any other balanced block to obtain 
£/ .{B + U B~ U Y) (see Figure [Toil. Contracting the edges of the unbalanced block B~, where if an edge is 
negative switch one of its end-vertices, will result in one or more negative loops since this block contains negative 
cycles. Therefore, if we contract these negative loops according to the definition of contraction in signed graphs 
given in section |2~T1 we get the signed graph "E/.(B + U Y) where the only negative cycles are the half edges of 
Y. Therefore by Proposition|23M(E/.(S+U Y)) = M(E)/.(B + U Y) is graphic. If B+ is in the unbalanced 

s/.(_b+ u b~ u y) s/.(B+uy) 

V 




Figure 10: B + in the balanced component of E\Y. 

component of E\Y the argument is similar. Contract again any other balanced block to obtain E/ .(B + UB~ UY) 
(see Figure [TTJ. Contraction now of the edges in the unbalanced block B~ may result in changing the sign of 
the edges in B + which are adjacent to the unique vertex of attachment v, while these edges will be become half 
edges upon deletion of the negative loops. Therefore E/.(S + U Y) will contain a balanced component B, which 
is not necessarily 2-connected, and a number of half edges from Y and B + . If E/.(S + U Y) contains a negative 
cycle C other than the half edges, then C would be a negative cycle in E which is disjoint from v, and thereby 
vertex disjoint with any negative cycle in B~ implying that E is not tangled. □ 

Theorem l3.12l is an extension of a result of Tutte in [ 16 1 (Theorem 8.4) regarding graphic matroids. It shows 
that given a signed graphic matroid M and some non-graphic cocircuit Y with no two overlapping bridges, there 
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£/.(£+ U B~ U Y) 



S/.(S+ U Y) 




Figure 11: B + in the unbalanced component of E\Y. 



exists a signed graph representation where Y is the star of a vertex. It is an important structural result that will be 
used in the decomposition Theorem |3.13l 

Theorem 3.12. Let Y be a non-graphic cocircuit of a connected binary signed-graphic matroid M such that no 
two bridges ofY in M overlap. Then there exists a 2-connected signed graph E where Y is the star of a vertex 
v G V(E) and M = M(E). 

Proof: By Theorem 12 . 8 1 there exists a tangled 2-connected signed graph E where M = M(E) and Y is either 
a star bond or an unbalancing bond such that the core of E\Y is not a B-necklace. If Y is a star bond there is 
nothing to prove. 

Let Y be an unbalancing bond of E, while Ei and E2 the two non-empty components of E\Y, where one 
of them will contain the unique unbalanced block corresponding to bridge, say B~ , of Y (see Theorem 12.6b . 
Furthermore, assume that we have performed switchings such that only Y and B~ may contain edges with 
negative sign. In what follows we will show that there exist disjoint 2-separations in E, such that by reversing on 
the defining vertices we can reduce the size of one of the components of E\Y by one separate at a time. Moreover 
it will be proved that the aforementioned reversings do not alter the signed graphic matroid M(E) . 

Fix an arbitrary bridge Bq of Y in M(E) where E\.i?o is a separate of E2. For any bridge B\ of Y such that 
Y\.Bx is a separate of E 1? we know by Theorem |3.9| that there exist v S V(T\.Bq) and V\ G Y(E\.B 1 ) such 
that 



Choose B\, V\ and vo such that the number of edges of C(Bi, v%) is the least possible. If Ej the component 
of E\Y such that E\.B C E;, define F(B, v) := Ei\E(C(B, v)). Let Bi,B 2) . . . ,B k be the bridges of Y 
such that vi G V(E\.Bi) for i = 1, . . . , k, and consider any B{. We know that there exist w G V(E\.Sj) and 
v G V(E\.B ) such that 



We will snow that w = Vi for alii = 1, . . . , k. From (Q]l and the fact that E is 2-connected, we can deduce that 
there exists at least one edge e G Y with one end-vertex in F(Bx, Vx) and the other end-vertex in C(B , u ). 
Suppose now that iv 7^ v\. Then e ^ Y(Bi, w) which implies that v = vq for (O to be true. This contradicts the 
choice of Bi,v\ and vo since E(C(Bi,w)) C E(C(B\,vi)). The situation for k = 4 is depicted in Figure [T2l 

Partition {Bi, B2, . ■ . , Bk} into groups of bridges where Y(Bq, v) from (j2]i is common to all bridges in 
a group. For example in Figure [T2] both B2 and B3 have Y(Bq,v) in (0. Each such group Q(v) defines a 
2-separation in E, with defining vertices v and v\, and a partition {T, B(E)\T} of B(E) where 



Y(B ,v )UY(B 1 ,v 1 )=Y. 



(1) 



Y(B u w)UY(B ,v) = Y. 



(2) 
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Figure 12: Groups of bridges as 2-separations in £. 



This is so, since for any Bi £ Q(v) for i = 1, . . . , k, there are no edges of Y with one end-vertex in F(Bi,vi) 
and the other in F(Bo, v) due to the avoidance between Bi and Bq. Therefore by reversing about Vi and v for 
every group of bridges Q(v), we can create a signed graph E' with Y an unbalancing bond such that one of the 
components of £'\Y is E2 with Bq replaced by a vertex, while the other component is £1 with v\ replaced by 
Bo- 

It remains to be shown that the reversings mentioned above do not alter M(£). For every group of bridges 
Q(v) we can identify three cases (see Figure [T3l): (a) C(B ,v) = = H,B,eQ(t,) ^{Bi.vi), (b) C(B ,v) = 
and n Bl eQ(v) C ( B i^x) ^ 0, and (c) C(B Q ,v) ^ ^ r\ Bl eQ(v) C(B u vi). We will show that reversing £ 
about {v%, v} produces a signed graph £' such that M(E') = M(E) in every case. 

Ei S 2 Si S 2 Si S 2 




K(B ,f) i-(-B .") i'CBo.") 



(a) (b) (c) 

Figure 13: 2-separations from non-overlapping bridges 

Consider the first case. The reversing parts of E about V\ and v are E^ = £ : E\ and £3 = E : (-B(E) — E\) 
where i?i = i?(£i) U Y(_B , «)■ We first assume that B~ C £^(£2). If £j contains no negative cycles, then by 
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Proposition ^. 1| M(E') = M(S). Let C\ be a negative cycle in £j. Since the only negative edges of £j appear in 
Y(B , v) we will have that E{Ci) (~l Y(B , v) ^ which in turn implies that v £ V(Ci). Moreover, 5 = B~ 
because otherwise, Ci would be vertex disjoint with all the negative cycles contained in B~, a contradiction since 
E is tangled. Now, £ 2 w iU contain a negative cycle C2 such that v ^ V(C2), otherwise v would be a balancing 
vertex in E, contradicting the fact that M(£) is a non-graphic matroid (see Proposition ^. 21 ). Therefore C2 is not 
contained in B~, which implies that EiCz) fl Hs eQ(u) ^C^*' w i) 7^ m mat case w i ^(CiX otherwise Ci 
and C2 would be vertex disjoint. We can therefore conclude that any negative cycle in Sj contains the vertices 
vi and v, and by Proposition ^. H Af (E') = M(£). If now we assume that B~ C E(Y>2) then the proof follows 
the above lines with the minor difference that B~ can be any Bi £ Q(v). 

Consider now that C(Bq,v) = and DsieQM C{Bi, v\) ^ 0. The reversing parts of £ about v\ and v are 
Ei = E : E x and E 2 = E : (£(£) - Si) where £1 = S(Si) U Y(B , u) U E(C(B , v)). We shall consider 
cases regarding the subgraph containing B~ . In all cases we assume that both reversing parts are unbalanced, 
otherwise M (E') = M (E) due to Proposition 12.11 and thus, there is nothing to prove. Assume that B~ is in E' lt 
and consider any negative cycle C\ in £ 2 . If B~ C E(C(Bq, v)), then since E(C\) n eQ(u) ^(-Bij^i) 7^ 
and ui e V(Ci), for C\ not to be vertex disjoint with some negative cycle in B~ we must have that v £ V{Ci) 
also. If B~ C £'(Ei), then B~ is any € Q(v), and we have a case similar to (a). Alternatively, let B~ be in 
E 2 , and let d be a negative cycle in E' x . Then E(Ci)nY(B , v) and v £ V(d), while B = B~ . In order 
for v not to be a balancing vertex there must exist a cycle C2 in E 2 which will have v as a vertex. However, since 
E is tangled, C\ and C2 must not be vertex disjoint and therefore, V\ £ V(C\). Thus, in all cases C\ contains 
both vertices v\ and v and by Proposition ^. j] M(£') = M(E). The case (c) is similar to the previous cases. □ 

We are now in a position to prove the main result of this paper. 

Theorem 3.13. Let M be a connected binary matroid and Y £ C* (M) be a non-graphic cocircuit. Then M is 
signed- graphic if and only if: 

( i) Y is bridge-separable, and 

(ii) the Y -components of M are all graphic apart from one which is signed-graphic. 

Proof: Assume that M is signed-graphic. Since it is binary and not graphic, by Theorem 12.81 there exists a 
tangled signed graph E such that M = M(E). Moreover since M\Y is not graphic, Y cannot be a balancing 
bond or unbalancing bond of E such that E\Y contains a B-necklace. Therefore Y is either a star bond or an 
unbalancing bond such that E\Y does not contain a B-necklace, and by Theorem |3.10| we can conclude that Y is 
a bridge-separable cocircuit of M. By Theorem l2.61 E\Y will contain exactly one unbalanced block, say E\.£?~ 
which is not a B-necklace, and k balanced blocks £\.-Bj where k > 0. By Theorem 12.31 these blocks are the 
elementary separators of M(E\Y) = M(E)\Y, and therefore the bridges of Y in M(E). By Lemma D.l l| we 
have that M(E)/.(Bj U Y) is graphic for each i. Now, since A/(E)/.(i?~ U Y) is a minor of M (E) it can be 
either signed-graphic or graphic. It cannot be graphic though since otherwise we would have a bridge-separable 
cocircuit of a connected binary matroid with all Y-components graphic, and by Theorem (8.5) of Tutte in lfl6l . 
M should be graphic. 

Assume by contradiction that there exists M and Y £ C*(M) such that the theorem is not true, and among 
these choose the one with the least |2?(M)|. 

If Y has only one bridge B, then M = M / .{B U Y) and M is signed-graphic by assumption. Given that 
Y has more than one bridge and its bridge-separable, we partition the bridges of Y into two nonempty families 
L~ and L + such that no two members of the same family overlap. Furthermore let B~ £ L~, where B~ is the 
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bridge of Y corresponding to the unique signed-graphic component M/.(B~ U Y~). Let U~, U + C E(M) be 
the unions of the members of L~ and L + respectively. 

Let us now consider the matroids M/.(U~ U Y) and M/.(U + U Y), and let U denote both U + and {7~. By 
Theorem (2) in Oj] we know that M/.(B U Y) is connected for any B E U. If S is a separator of M/.(U U Y), 
then there exists some B E U, such that S 1 n (-B U Y) 7^ 0. By the definition of contraction operation then, 
S n(BUY) would be a separator in M/.(B U Y). We can therefore conclude that the matroids M/.(U~ U Y) 
and M /.([/+ U Y) are connected. Now since M/.(U U Y) = (M*\.(U U Y))* by the definition of contraction, 
we have 

(Af/.(C/ U Y))* = M*\.(U U Y), 

which implies that Y is a cocircuit of M/.(U U Y). By Theorem (7.4) in lfl6l we know that the bridges of Y 
in M/.(U U Y) are the members of Lr and L+ respectively, and n(M/.(U U Y), B, Y) = n(M, B, Y) for all 
B E U, which means that the bridges of Y are non-overlapping in both matroids. Moreover the Y-components in 
bothM/.(E7-UY) and M /.(U+ UY) are the Y-components in M, since M/.({7UY)/.(BUY) = A//. (BUY). 
We can therefore conclude that M/ .(U + U Y) is a graphic matroidby Theorem (8.5) of |[T6l . while M/.(U~ U Y) 
is signed-graphic since its smaller than ill, and Y is a cocircuit with non-overlapping bridges in both. 

By Theorem (8.4) in flll there exists a 2-connected graph G+ such that M/.(U + L)Y) = M(G + ) and Y will 
be a star at a vertex say w + . By Theorem 1 3 . 1 2 1 there exists a 2-connected tangled signed graph E~ := (G~ , er~) 
such that M/ .(U~ U Y) = A/(E~) and Y is a star bond say at vertex v~ . Construct now a signed graph 
£ := (G, a) as follows. The underlying graph G is obtained by the graphs G + \Y and G~\Y were w~ and w + 
are deleted, by adding an edge between every end-vertex of Y in G + to the corresponding end-vertex of this edge 
in G~ . The sign function a will be 

/ ^-(e), ifee £(£"), 
cr(e) := < 

I +1, otherwise. 

Since G + and G~ are 2-connected and Y is a star of a vertex in both, Y would be a minimal set of edges in E 
such that its deletion creates two components, and namely E : U + and E : U~ . The component E : U + contains 
only positive edges by construction, therefore its balanced. If E : U~ did not contain a negative cycle it would 
imply that w~ is a balancing vertex in E~ which contradicts the fact that its tangled. We therefore conclude that 
Y is an unbalancing bond in E . 

Since E : U + is balanced, we have 

M(E)/.(U~ UY)=M(E/.(U~ UY))=M(E/U + ) = M(E~)=M/.(U~ U Y). (3) 

E : U~ contains at least one negative cycle, therefore E/[/~ is a signed graph with all positive edges, and half 
edges in the end-vertices of Y. By Proposition ^. 2l then 

M(E)/.(£/ + U Y) = M (E/.([/ + U Y)) = M(Y I /U~) = M{G + ) = M/ .{U + U Y). (4) 

Finally, given that both M/(U + U Y) and M /(U~ U Y) are connected, by a similar argument previously in the 
proof, M(S) is also connected. 

Now that we have established a relationship between M and M(E) given by (0 and (0), by using a matroidal 
argument we will show that they are in fact equal. Consider the following family of cocircuits of M 

C := {X E C*(M(E)) : 3 Xi E C* (M) such that X = AXJ 
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where A stands for the symmetric difference of sets. Note that for Xi, X 2 G C such that X\ n X2 ^ 0, since 
M(E) is binary we have that X ± AX 2 e C*(M(E)) and XiAX 2 G C. 

Claim, TTzere exists some X £ C*(M (E)) - C such that X — (X (~)Y) is a cocircuit o/M(E)\Y. 

Proof: We can assume that for all X G C*(M(E)) — C we have X n Y = 0, since otherwise by the deletion 
operation we have that X — (X n Y) G C* (M(S)\Y). Choose such an X and assume that it is not a cocircuit of 
M (E)\Y. Then there exists T G C* (M(E)) such that T C XUF, and since M (E) is binary X AT is a cocircuit 
of M (E). If XAT or T do not belong to C the result follows. Therefore (X AT) AT = X which implies that 
X G C, which is a contradiction. 

By the above claim and the fact that U~ and U + are separators for M(E)\Y by construction, we can conclude 
that either X C (J7+ UF) or X C (f/~ UY). Therefore since X £ C* (M(E)) we have that X is either a cocircuit 
ofM(E)/.(Z7+ UY) = M/.(U+ UY) or a cocircuit of M(E)/.(U~ U7) = M/.(U~ UY), and a cocircuit 
of M. But since M is connected and binary this is a contradiction to the fact that X £ C. So for any cocircuit 

X G C*(M(E)) we have 

X = X 1 AX 2 A...AX n 

for Xi G C*(M). But in binary matroids the symmetric difference of cocircuits contains a cocircuit or its empty, 
so we can conclude that there exists some X' G C*(M) such that X' C X. 

Reversing the above argument we can also state that any cocircuit X' of M contains a cocircuit X of M(E), 
and by Lemma (2.1.19) in Q we have that M = M(E) contradicting our original hypothesis. □ 

In Theorem 13.131 a binary signed-graphic M is decomposed given that it contains non-graphic separating 
cocircuits. If all the cocircuits of M are graphic, then we can apply the excluded minor characterization given 
in Theorem l3.7l It remains to be shown the case of those binary signed-graphic matroids where all non-graphic 
cocircuits are non-separating. The following result is a chain like theorem which demonstrates that the non- 
existence of non-graphic and non-separating cocircuits is preserved by the operation of deletion of a cocircuit. 

Theorem 3.14. IfM(E) is a binary signed-graphic matroid such that any non-graphic cocircuit Y G C*(M(E)) 
is non-separating then any non-graphic cocircuit Y' of Af (E)\Y is also non-separating. 

Proof: By way of contradiction, suppose that Y' is a non-graphic cocircuit of M(E)\Y = M(E\Y) which is 
separating. Let E' = E\Y, then, due to the classification of bonds, Y' is an unbalancing bond of E'. Thereby, 
E'\y' consists of two components E^ and E 2 which are non-empty of edges, where w.l.o.g. suppose that M (E' t ) 
is not graphic. Moreover, either Y' or Y = Y' U S, where S C Y, is a cocircuit of M(E). If Y' was a cocircuit 
of M(E) then it could not be a star of E since Y' is not a star in E' = E\Y. Furthermore, since graphicity of 
a matroid is a minor-closed property, M(S)\Y' is not graphic and therefore, Y' is an unbalancing bond of E 
which implies that Y' is a non-graphic and separating cocircuit of M (E); a contradiction. In the other case, due 
to the fact that Y is a star bond of E, all the edges in S have a common end-vertex v in E. Let Si C S be the 
edges which have their end-vertices other than v in Ei. Then, Y = Y 1 U Si is a minimal set of edges such that 
E\Y consists of two components, one of which is Ei, where M(Ei) is not graphic. This implies that Y is an 
unbalancing bond of E and therefore, Y is a separating and non-graphic cocircuit of M(E); a contradiction. □ 

Finally, we provide a graphical characterization for those binary signed-graphic matroids where all non- 
graphic cocircuits are non-separating. 
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Theorem 3.15. M(E) is a connected binary signed-graphic matroid such that any non-graphic cocircuit Y G 
C*(M(E)) is non-separating if and only ifH is a 2-connected signed graph such that any non-graphic cocircuit 
Y G C*(M(E)) is a star o/E and E\Y is 2-connected. 

Proof: (=>) Since M (E) is binary and connected, by Theorem l2.7l E is tangled and 2-connected. Furthermore, 
any non-graphic cocircuit of M(E) is non-separating and therefore, by our classification of bonds, Y is a star 
bond of E. By Theorem l2.6l E\Y must have one unbalanced block. Moreover, M(E)\Y is connected since Y is 
non-separating and therefore, by Theorem l2.3l E\Y can not be a necklace or contain any other block except for 
the unbalanced one. 

(<=) M(E) is non-graphic therefore, by Theorem 12. 81 E tangled. Furthermore, E is 2-connected thus, by Theo- 
rem !2.7l M(E) is connected. Any non-graphic cocircuit Y is such that E\Y is 2-connected; moreover, E\Y is not 
a necklace since Y is non-graphic. Thus, by Theorem |2.3l M(E)\Y is connected and therefore, any non-graphic 
cocircuit of M(E) is non-separating. □ 

We are now ready to see how a binary signed-graphic matroid can be decomposed to graphic matroids and 
possibly one binary matroid with no M*(Gn), M*(Gig), Fj, Fj minors by the successive deletion of a co- 
circuit. While there exist non-graphic separating cocircuits we simply apply Theorem l3.13l which dictates that 
the deletion of such a cocircuit will result in graphic matroids and one signed-graphic matroid M(E). If all 
the non-graphic cocircuits of M(S) are non-separating then by Theorems 13. 141 and 13. 151 it is evident that all 
these cocircuits will correspond to stars in E and they can be deleted, resulting to either a graphic matroid or a 
signed-graphic matroid with no M*(Gn), M*{G\q), Fj, Fj minors. 
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